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Finite effective descriptions retain only a bounded set of distinctions. Projection, pruning, coarse-
graining, and externalization remove distinctions from the active record, but the unresolved sector
may continue to influence accessible dynamics through hidden modes, environmental side records,
delayed correlations, protected invariants, recurrence, or instability. This paper develops FDS-P8 as
the spectral-dynamical bridge that organizes those returns. The central object is not the unresolved
generator alone, but the coupled residue channel R = (GR, BR, CR), where GR = QLQ governs
residue evolution, BR = QLP excites residue from retained variables, and CR = PLQ returns
residue to the retained sector. The visible memory kernel is K(t) = CRSR(t)BR, with transfer

representation K̂(s) = CR(sI − GR)
−1BR. The paper separates formal projection from physical

pruning and thermodynamic erasure; distinguishes formal, physical, excitable, return-active, cou-
pled, silent, accessible, and protected residue; and proves that the retained input-output map factors
through an active residue quotient. It distinguishes the internal spectral set Λint ⊂ C, the transfer
singularity structure Str, the initial-residue recoverability spectrum Σinit

rec (T ), the reachable round-
trip recoverability spectrum Σrt

rec(T ), and their associated latent/history and physical residue-state
subspaces, which are different mathematical objects. The operational closure regime is controlled
by the full coupled reduced-response data: the transfer response, including its singularities, modal
weights, finite-window Hankel spectrum, resolvent and non-normal gain, together with initial-residue
forcing—relative to a registered norm, window, task, and tolerance. Conditional results establish
exponential-stability bounds for finite-memory Markov closure, a coupled marginal-mode obstruc-
tion, algebraic tails from low-frequency spectral edges under registered Tauberian conditions, finite
exact Markov embeddings for strictly proper rational kernels, a finite-window task-risk certificate,
and an infinite-horizon balanced-truncation certificate. A transfer–recoverability bridge theorem
bounds reachable round-trip recoverability singular values and operational ranks by the correspond-
ing transfer Hankel singular values whenever the physical recovery channel is boundedly equivalent
to the retained return channel on the closed transfer-signal space generated by the reachable residue
sector. Numerical normal forms illustrate silent zero modes, transfer-visible poles, controlled closure
windows, non-normal transient amplification, observability-limited recovery, finite state augmenta-
tion, and a fourth-order conditional-information onset under controlled lumpability breaking. P8
does not claim to invent projection-operator or realization theory, nor to derive conservation laws,
three-dimensional space, time arrows, inertia, or gravity. It supplies a common formal spine for
those later FDS bridges: projection determines what leaves the active record; the coupled residue
channel determines what can return.

Scope and Claim Status. P8 is a formal and physical-
bridge paper. The exact projection identity, semi-
group estimates, controllability, observability, Hankel op-
erators, balanced truncation, minimal realization, and
Tauberian tools are standard mathematical inputs. The
FDS contribution is the integration of those inputs with
finite task-relative projection, physical residue qualifi-
cation, accounting boundaries, operational recoverabil-
ity, and downstream failure discipline. The principal
P8 organizing objects are the coupled residue channel,
the full coupled reduced-response data, a type-correct
separation of internal spectral sets, transfer singulari-
ties, initial-state and reachable round-trip recoverability
spectra, their correctly typed latent/history and residue-
state subspaces, and the operational residue rank. The
principal new bridge result is a finite-window transfer–
recoverability singular-value sandwich under a registered
bounded interconnection between the retained return

channel and the physical recovery channel. Main real-
ization, rank, and Gaussian recoverability statements are
finite-dimensional or bounded-operator results. Infinite-
dimensional extensions require separate admissibility,
compactness, quotient-semigroup, and trace-class hy-
potheses. P8 does not identify every unresolved model
variable with a physical carrier, does not claim that ev-
ery physical memory is projection-induced, and does not
infer thermodynamic heat from formal projection alone.

Claim-status summary

Keywords: finite distinction systems; residue dynam-
ics; pruning; projection operators; Mori–Zwanzig; trans-
fer singularities; recoverability singular values; memory
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TABLE I. Central FDS-P8 claims, status, and demotion conditions.

Claim Status Demotion or failure condition

Projection yields an
instantaneous–memory–
forcing decomposition

Imported exact
identity, specialized
in the
exact-dynamics
section

The declared generator, projection, domain, or
semigroup assumptions fail, or a nonlinear state
equation is used without a valid lifted observable
representation

Only
controllable-and-observable
residue contributes to visible
round-trip memory

Restricted theorem
in the active-residue
section

Removing a declared silent sector changes the
memory kernel, transfer function, or retained
input-output behavior

Exponential
residue-semigroup stability
gives a finite memory-burden
bound

Conditional theorem
in the closure section

Exponential stability does not hold, couplings are
unbounded on the relevant domain, or the
retained solution class violates the finite-horizon
assumptions

Coupled marginal modes
obstruct integrable memory
closure

Conditional theorem
in the
marginal-mode
section

The marginal mode is silent, canceled by the
transfer channel, removed by symmetry, or absent
from the registered active quotient

Low-frequency transfer
spectral weight can generate
algebraic memory tails

Tauberian result for
a restricted
positive-measure
class

The kernel is non-normal, sign-changing,
matrix-canceling, time dependent, or outside the
registered regular-variation assumptions

Transfer significance bounds
recoverability when the two
observation channels are
boundedly equivalent on
reachable residue

P8
channel-registration
bridge theorem

No bounded interconnection exists, the lower
bound vanishes, or recovery uses side records
outside the registered retained return channel

Operational recoverability
depends on the observation
channel, not on residue
lifetime alone

Exact
finite-dimensional
linear-Gaussian
model theorem

The claimed recovery is obtained only by
changing the accounting boundary, decoder
resources, task labels, or observation channel

Strictly proper rational
memory admits finite exact
Markov augmentation

Imported realization
theorem, FDS
interpretation

A non-rational kernel is asserted to have a finite
exact realization, the feedthrough term is not
absorbed into the instantaneous generator, or the
proposed augmentation fails to reproduce the
transfer function

kernels; Markov closure; operational recoverability; con-
trollability; observability; Hankel operators; minimal re-
alization; non-normal dynamics; long-time tails.

INTRODUCTION

The missing question after coarse-graining

A reduced description is usually introduced by saying
which variables are retained and which are discarded.
That description is incomplete whenever discarded vari-
ables remain dynamically coupled to the retained sector.
The unresolved state may continue to matter through
delayed response, colored noise, history dependence, re-
currence, protected records, or instability. Projection-
operator methods formalize this fact by replacing elimi-
nated variables with an exact memory kernel and a forc-
ing term [6–10]. P8 accepts that standard result and asks
a more specific finite-system question:

Which distinctions outside the active record
can be excited by the retained sector, survive
in an unresolved carrier, and later return to
alter future accessible dynamics?

The answer cannot be read from the dimension of the
hidden space alone. A hidden zero mode may be exactly
decoupled and therefore invisible. Conversely, one slowly
decaying mode with strong input-output coupling may
dominate the entire reduced history. The relevant ob-
ject is not “the hidden spectrum” in isolation, but the
spectrum filtered by excitation and return.

P8 thesis

Let P denote a registered retained projection and Q =
I −P its unresolved complement. P8 defines the coupled
residue channel

R = (GR, BR, CR), (1)
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with

GR = QLQ, BR = QLP, CR = PLQ. (2)

Here GR evolves residue internally, BR maps retained
distinctions into residue, and CR returns residue to re-
tained observables. The visible memory is

K(t) = CRSR(t)BR, SR(t) = etGR , (3)

and, where the resolvent exists,

K̂(s) = CR(sI −GR)
−1BR. (4)

The paper’s central claim is deliberately restricted:

Restricted P8 thesis. Relative to a regis-
tered finite projection, only the controllable-
and-observable part of the unresolved sector
contributes to reduced memory. The opera-
tional closure regime is controlled by the full
coupled reduced-response data: the transfer
response, including its singularities, modal
weights, finite-window Hankel spectrum, re-
solvent and non-normal gain, together with
initial-residue forcing—relative to a specified
norm, time window, task, and tolerance. The
transfer singularity structure is one compo-
nent of this response, not a sufficient closure
classifier by itself.

Why this is an FDS paper

Mori–Zwanzig theory already states that unresolved
variables produce memory and noise. Control theory al-
ready states that uncontrollable or unobservable states
can be removed from a minimal input-output realization.
P8 does not relabel those facts as new mathematics. Its
additional role is to integrate them with the FDS ac-
counting requirements: why a distinction was pruned,
where it is physically carried, whether it is accessible
through a finite boundary, what task would count as re-
covery, what time and error tolerance apply, and what
resource expansion would be required to restore it. The
FDS object is therefore not merely a transfer function.
It is a transfer function embedded in a registered finite-
access ledger.

Contributions

The paper makes eight contributions.

1. It installs a projection–pruning firewall separating for-
mal model reduction from physical pruning, external-
ization, and thermodynamic erasure.

2. It defines formal, physical, excitable, return-active,
coupled, silent, accessible, and protected residue.

3. It states an exact coupled-residue decomposition in an
observable-space semigroup setting.

4. It proves a restricted active-residue reduction theorem
and separates the transfer singularity structure from
the full finite-window transfer response.

5. It introduces finite-window transfer and reachable
round-trip recovery ranks through Hankel singular val-
ues, while keeping initial-state recoverability separate.

6. It derives closure bounds from exponential semi-
group stability and closure obstructions from coupled
marginal modes and spectral edges.

7. It gives exact model-class relations between residue
observability and recoverability, and between rational
kernels and finite Markov embeddings.

8. It supplies reproducible models and a failure registry
for downstream FDS papers.

FDS INTERFACES AND IMPORTED
MATHEMATICAL STRUCTURE

FDS-Core

The FDS-Core defines active finite systems that main-
tain task-relevant distinctions under finite representa-
tional, energetic, temporal, and access constraints [1].
When distinction demand exceeds available capacity, a
system must approximate, prune, externalize, relax the
task, or fail. The Core does not imply a particular mem-
ory kernel or spectral law. P8 is a physical and mathe-
matical bridge that begins only after a retained descrip-
tion and its unresolved complement have been registered.

Relation to P3, P4, T3, and P7

P4 studies coarse-grained anti-recurrence and preim-
age loss under non-injective truncation [3]. P3 studies
finite environmental side records and operational Marko-
vianization [2]. T3 studies projection-induced stochas-
ticity and Phase-B variables under capacity overflow [4].
P7 studies invariant or topological side-ledgers that pre-
serve task identity under local forgetting [5]. P8 does
not repeat those ledgers. It supplies the dynamical ob-
ject that determines whether an unresolved distinction
decays, returns, remains protected, or destabilizes the
retained description.
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TABLE II. Imported structures and P8-specific additions.

Object or result Source status Role in P8

Mori–Zwanzig /
Nakajima–Zwanzig identity

Imported Exact reduced equation with memory and
residue forcing

Semigroup exponential
stability

Imported Sufficient condition for an integrable kernel tail

Controllability and
observability

Imported Defines the active residue quotient

Hankel operators and
balanced realization

Imported Defines round-trip significance and model order

Tauberian spectral-edge
asymptotics

Imported
conditionally

Converts low-frequency density into long-time
tails

Finite projection, pruning,
and accounting boundary

FDS input Qualifies when a formal residue has physical
meaning

Coupled residue channel
(GR, BR, CR)

P8 synthesis Central transfer object

Internal spectral set, transfer
singularities, recoverability
singular values, and
recoverable subspace

P8 type-correct
synthesis

Prevents category errors between complex
singularities, nonnegative singular values, and
state-space directions

Operational residue rank P8 definition Tolerance- and window-dependent relevant
residue count

Transfer–recoverability
sandwich and task-risk
truncation bound

Standard operator
estimates; P8
channel-registration
synthesis

Links round-trip dynamics, physical decoding,
tolerance, noise units, and task loss

Standard mathematical neighbors

The projection identity originates in nonequilibrium
statistical mechanics and open-system theory [6–9, 12].
Quantum-information approaches provide complemen-
tary operational measures of non-Markovianity [13, 14].
Optimal prediction makes the orthogonal dynamics ex-
plicit in underresolved deterministic systems [10, 11]. For
orthogonal projections satisfying the additional bounded-
perturbation condition that PL extends boundedly—and
in particular for the rank-one Mori projection under
the registered domain hypotheses—the orthogonal dy-
namics is generated by a strongly continuous semi-
group [30, 31]. Recent analysis further distinguishes the
rigorous Mori-projection setting from unresolved issues
for more general Zwanzig projections and emphasizes
that the formal memory term is fundamentally a cou-
pling term and need not represent memory in an ordi-
nary physical sense [32]. In P8 terminology, it there-
fore does not by itself imply operational recoverabil-
ity. Data-driven latent-space methods combine Mori–
Zwanzig closure with Koopman autoencoders for nonlin-
ear observable-space dynamics [34]. Strong lumpability
characterizes when a finite Markov chain remains Marko-
vian after aggregation [15, 16]; recent work has developed
quantitative effective dynamics and error bounds for
approximate coarse-graining of continuous-time Markov
chains [33]. Kalman’s controllability-observability de-
composition and realization theory identify the minimal
state that contributes to input-output behavior [17, 18].

Hankel singular values organize balanced model reduc-
tion [19–21]. Semigroup theory separates spectral infor-
mation from actual norm growth [22, 23]; pseudospectral
analysis is needed when non-normality produces tran-
sient amplification [24]. P8 uses these results openly
rather than presenting them as newly derived FDS math-
ematics.

PROJECTION–PRUNING FIREWALL AND
REGISTERED SYSTEM

Four operations that must not be conflated

Definition 1 (Formal projection). A formal projection
is a mathematical map P selecting a retained observable
or state sector from a larger modeled description.

Definition 2 (Operational pruning). Operational prun-
ing occurs when a finite system no longer actively main-
tains a task-relevant distinction inside its current effec-
tive record.

Definition 3 (Physical externalization). Physical exter-
nalization occurs when a pruned distinction remains rep-
resented in an environmental carrier, side record, invari-
ant, reversible garbage register, field correlation, or en-
larged boundary ledger.

Definition 4 (Thermodynamic erasure). Thermody-
namic erasure is a physical many-to-one update as-
sessed relative to a registered accounting boundary and
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reversible side-record structure. Formal many-to-one no-
tation alone does not establish heat generation.

The required firewall is

formal projection ̸= operational pruning,

operational pruning ̸= externalization,

externalization ̸= thermodynamic erasure.

(5)

This protects P8 from a common category error: a re-
searcher’s choice to ignore a variable is not itself a phys-
ical forgetting event.

Observable-space formulation

Let B be a Banach or Hilbert space of observables. Let
U(t) be a strongly continuous semigroup generated by L,

U(t) = etL, L : D(L) ⊂ B → B. (6)

For nonlinear microscopic dynamics, U(t) may be a
Koopman or Liouville evolution acting linearly on ob-
servables. Let P be a bounded projection or conditional
expectation, and let Q = I−P. The retained and residue
spaces are

Z = RanP, R = RanQ. (7)

This formulation is narrower and safer than applying a
linear projection formula directly to an arbitrary nonlin-
ear state trajectory.

Theorem scope and infinite-dimensional extensions

The main realization, operational-rank, balanced-
truncation, and Gaussian determinant results below are
stated for finite-dimensional systems, or for Hilbert-space
systems with bounded coupling operators and the addi-
tional compactness or trace-class hypotheses explicitly
registered. For the exact semigroup decomposition, as-
sume that GR is densely defined and closed on R, gener-
ates a C0-semigroup SR(t), and that BR ∈ L(Z,R) and
CR ∈ L(R,Z), unless a well-posed-system extension is
invoked. For orthogonal projections satisfying the addi-
tional bounded-perturbation condition that PL extends
boundedly—and in particular for the rank-one Mori pro-
jection under the registered domain hypotheses—the or-
thogonal dynamics is generated by a strongly continuous
semigroup [30, 31].

If BR or CR is unbounded, it must be an admissible
control or observation operator for SR(t). The reachable
space is always taken with closure,

Rc = span{SR(t)BRz : t ≥ 0, z ∈ Z}, (8)

and the unobservable sector must be closed and invari-
ant for a quotient semigroup to be well defined. A
direct-sum active/silent realization additionally requires
a complemented invariant representative and is not auto-
matic in infinite dimensions. Discrete finite-window Han-
kel singular values require a compact Hankel operator.
The infinite-dimensional Gaussian mutual-information
formula requires the whitened signal covariance to be
trace class and uses a Fredholm determinant. These are
extension hypotheses, not consequences of the notation.

Residue qualification hierarchy

Definition 5 (Formal residue). A formal residue is any
component in R.

Definition 6 (Physical residue). A formal residue is
physical only if it is associated with a specified carrier,
correlation, mode, record, or invariant inside a registered
accounting boundary.

Definition 7 (Excitable residue). A residue direction is
excitable if it lies in the reachable closure generated by
BR = QLP.

Definition 8 (Return-active residue). A residue direc-
tion r is return-active if CRSR(t)r ̸= 0 for some t ≥ 0,
where CR = PLQ.

Definition 9 (Coupled residue). Coupled residue is both
excitable and return-active. Only coupled residue par-
ticipates in a retained–residue–retained dynamical round
trip.

Definition 10 (Silent residue). Silent residue exists in
R but is uncontrollable from Z, unobservable from Z, dy-
namically decoupled, or irrelevant to the registered task.

Definition 11 (Accessible residue). Accessible residue
can be decoded through a declared finite observation chan-
nel, latency, resource budget, and error tolerance.

Definition 12 (Protected residue). Protected residue is
maintained by symmetry, topology, code structure, a con-
servation sector, an isolated invariant subspace, or an-
other registered protection condition.

A residue can be coupled but not accessible: it can
affect the retained process without allowing the original
past distinction to be decoded. It can also be accessible
but weakly coupled to the short-time retained response,
as in a stable side record read through a separate chan-
nel. This distinction becomes central in the operational-
recoverability section.



6

EXACT COUPLED-RESIDUE DYNAMICS

Block evolution

Assume for the moment that the lifted observable dy-
namics admits the block form

d

dt

(
z
r

)
=

(
A CR

BR GR

)(
z
r

)
, (9)

where

A = PLP, BR = QLP, CR = PLQ, GR = QLQ.
(10)

The residue solution is

r(t) = SR(t)r0 +

∫ t

0

SR(t− s)BRz(s) ds. (11)

Substitution into the retained equation yields the exact
reduced dynamics.

Theorem 1 (Exact coupled-residue decomposition). As-
sume that GR : D(GR) ⊂ R → R generates the
C0-semigroup SR(t), that BR ∈ L(Z,R) and CR ∈
L(R,Z), and that the initial residue lies in the variation-
of-constants domain. Then the retained variable satisfies

ż(t) = Az(t) +

∫ t

0

K(t− s)z(s) ds+ η(t), (12)

with

K(t) = CRSR(t)BR, η(t) = CRSR(t)r0. (13)

Where sI −GR is invertible,

K̂(s) = CR(sI −GR)
−1BR. (14)

Proof. Variation of constants gives Eq. (11). Substitution
into ż = Az + CRr gives Eq. (12). Laplace transforma-
tion gives Eq. (14). The general Mori–Zwanzig identity
supplies the corresponding observable-space result when
the dynamics is not already written in block-linear form
[9, 10].

Remark 1 (Exactness and approximation). Equa-
tion (12) is exact for the registered lifted dynamics. Ap-
proximation begins only when the memory is truncated, η
is modeled statistically, auxiliary states are removed, the
projection is changed, or physical carriers are inferred
from a mathematical residue.

Discrete-time form

For a block update(
zn+1

rn+1

)
=

(
A C
B G

)(
zn
rn

)
, (15)

one obtains

zn+1 = Azn +

n−1∑
j=0

CGjBzn−1−j + CGnr0. (16)

This is the natural bridge to finite-state hidden Markov
examples and coarse transition systems.

ACTIVE RESIDUE, SILENT QUOTIENTS, AND
TRANSFER SPECTRA

Reachable and unobservable residue

Define the residue reachable closure

Rc = span{SR(t)BRz : t ≥ 0, z ∈ Z}, (17)

and the unobservable residue subspace

No = {r ∈ R : CRSR(t)r = 0 for all t ≥ 0}. (18)

The canonical active object is the quotient

Rquot
act = Rc/(Rc ∩No). (19)

It is an abstract quotient space, not automatically a sub-
space of R.

Theorem 2 (Active-residue quotient factorization). The
kernel K(t) = CRSR(t)BR and the retained input-output
map factor canonically through Rquot

act . If, in addition, the
quotient admits a complemented invariant representative
Rmin ⊂ R with

Rmin ≃ Rquot
act , R = Rmin ⊕Rsilent, (20)

and

CRSR(t)PsilentBR = 0 for all t ≥ 0, (21)

then the equivalent realization on Rmin has the same
K(t), K̂(s), and zero-initial-residue retained input–
output trajectories as the full residue realization.
For arbitrary initial residue r0, equality of retained tra-

jectories additionally requires that the reduced realization
be initialized with the corresponding active representative
and that

CRSR(t)Psilentr0 = 0 for all t ≥ 0.

Proof. By definition, BRz generates only Rc. Every di-
rection inRc∩No is annihilated by all future output maps
CRSR(t), so the input-output map descends to the quo-
tient. A concrete direct-sum realization follows only after
choosing the additional complemented invariant repre-
sentative in Eq. (20); Eq. (21) then removes the silent
contribution identically to the driven input–output map.
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Retained sector


Residue sector


Accessible side record
YE

[0, T]

Silent or inaccessible
residue

BR

CR

Cobs

SR(t) = etGR: internal residue evolution

K(t) =CRSR(t)BR: visible round-trip memory

Ran P Ran Q

FIG. 1. The coupled residue channel. Retained distinctions excite residue through BR; residue evolves under SR(t); return
occurs through CR. An additional observation channel may make part of the residue recoverable. Residue that is neither
return-active nor observable is silent relative to the registered closure task.

For nonzero initial residue, the silent initial component
also contributes through

ηsilent(t) = CRSR(t)Psilentr0.

Hence equality of arbitrary-initial-residue trajectories re-
quires ηsilent(t) = 0 for all t ≥ 0, with the reduced real-
ization initialized by the corresponding active represen-
tative.

This is a standard minimal-realization principle ex-
pressed in residue language. Its FDS importance is con-
ceptual: a hidden conserved or topological mode does
not by itself obstruct closure. It obstructs the registered
closure only when it participates in the excitation-return
round trip.

Type-correct spectral, transfer, and recoverability
objects

The internal, transfer, and recovery problems use
mathematical objects of different types. P8 therefore
separates them rather than writing them as if they were
interchangeable spectra.

Definition 13 (Internal spectral set). The internal spec-
tral set is

Λint := spec(GR) ⊂ C. (22)

Definition 14 (Transfer singularity structure). The
transfer singularity structure is

Str := Sing K̂, K̂(s) = CR(sI −GR)
−1BR. (23)

It includes poles, branch edges, and other nonanalytic
structures that survive excitation-return filtering. In

a finite-dimensional minimal rational realization, the
transfer pole set is

Λtr := Pole K̂ ⊂ C (24)

after pole-zero cancellations.

The transfer singularity structure is not the complete
transfer response. Finite-window closure also depends
on residues and modal weights, resolvent norms, cancel-
lation, Hankel singular values, non-normal amplification,
and the initial-residue forcing

ηt = CRSR(t)Qx0. (25)

We use the term full coupled reduced-response data for
the registered collection

Dred =
{
K̂(s), Htr,T, ∥CR(sI −GR)

−1BR∥, η(t)
}
,

supplemented, where required, by modal weights, cancel-
lation structure, the chosen norm, observation window,
task, and tolerance. The initial-residue term

η(t) = CRSR(t)r0

is a homogeneous initial-condition response and is not it-
self part of the retained-input–to–retained-output trans-
fer function.
Let Orec,T be a finite-window, noise-whitened physical

recovery observation operator and let ΣR be a registered
initial-residue covariance.

Definition 15 (Initial-residue recoverability spectrum).
The initial-residue recoverability singular-value spectrum
is

Σinit
rec (T ) :=

{
σj

(
Orec,TΣ

1/2
R

)}
j≥1

⊂ R≥0. (26)

Its squared values are the nonzero spectral values of

Σ
1/2
R Wo(T )Σ

1/2
R when the Gramian is defined.
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Definition 16 (Initial-residue recoverable subspace).

Let vj be right singular vectors of Orec,TΣ
1/2
R in the

whitened latent coordinate space, and write σinit
j (T ) :=

σj(Orec,TΣ
1/2
R ). Their corresponding physical residue di-

rections are Σ
1/2
R vj. For tolerance ε, define

Rinit
rec (T, ε) = span

{
Σ

1/2
R vj : σinit

j (T ) > ε
}

⊆ RanΣ
1/2
R .

(27)

When ΣR = I, the whitened and physical residue direc-
tions coincide.

Let UT be the retained input/history Hilbert space and
let

CT : UT −→ Rc (28)

be the finite-window retained-to-residue reachability op-
erator. Define

Hrec,T = Orec,TCT . (29)

Definition 17 (Reachable round-trip recoverability
spectrum). The reachable round-trip recoverability spec-
trum is

Σrt
rec(T ) := {σj(Hrec,T)}j≥1 . (30)

It measures recoverability only for residue histories gen-
erated from retained input histories through CT .

Definition 18 (Reachable round-trip input-history sub-
space). For tolerance ε, define

U rt
rec(T, ε) = Ran

[
1(ε,∞)

(
(H∗

rec,THrec,T)
1/2

)]
⊆ UT .

(31)
These right-singular directions are retained input/history
directions, not residue-state directions.

Definition 19 (Reachable round-trip residue-state sub-
space). The corresponding physical residue-state image
is

Rrt
rec(T, ε) = CTU rt

rec(T, ε) ⊆ Rc. (32)

This finite-window residue-state image need not be in-
variant under SR(t):

SR(t)Rrt
rec(T, ε) ̸⊆ Rrt

rec(T, ε)

in general. It therefore does not, by itself, define a
dynamically realizable reduced state space or an exact
Markov augmentation. Such a realization requires an
invariant state-space construction, or an explicit finite-
dimensional realization reproducing the registered input–
output map.

0 5 10 15 20 25 30
time
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0.6

0.8

1.0

1.2

1.4

ke
rn

el
 / 

no
rm

Silent residue can prevent raw hidden decay without affecting visible memory
full hidden realization
active quotient
‖SR(t)‖ with silent zero mode

FIG. 2. Active-residue reduction. The full hidden realiza-
tion contains a silent zero mode, so the raw semigroup norm
remains non-decaying. The full and minimal-representative
memory kernels coincide exactly. Hidden non-decay therefore
does not imply visible non-Markovian memory.

The type-correct conclusion is

Λint ⊂ C,

Str = Sing K̂,

Σinit
rec (T ),Σ

rt
rec(T ) ⊂ R≥0,

Rinit
rec (T, ε) ⊆ RanΣ

1/2
R ⊆ R,

U rt
rec(T, ε) ⊆ UT ,

Rrt
rec(T, ε) ⊆ Rc.

(33)

These objects live in different mathematical spaces and
do not determine one another without additional cou-
pling, reachability, and observation assumptions. In
particular, the transfer–recoverability bridge below con-
strains Σrt

rec(T ) and the significant input-history direc-
tions U rt

rec(T, ε); their physical residue-state image is ob-
tained only after application of CT . It does not constrain
arbitrary initial-state recovery in Σinit

rec (T ). Figure 2 gives
the minimal counterexample to raw-spectrum reasoning.
The residue generator contains a zero mode, so ∥SR(t)∥
does not decay. The zero mode is silent because its exci-
tation and return weights vanish. Removing it leaves the
visible kernel unchanged.

OPERATIONAL RESIDUE RANK AND
MINIMAL REALIZATION

Finite-window round-trip significance

For a stable finite-dimensional linear residue channel,
define the finite-window controllability Gramian and the
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FIG. 3. Internal spectral set versus transfer-visible poles.
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transfer weights. The zero pole belongs to Λint yet is absent
from Λtr. Marker size indicates the absolute transfer residue
in the normal form.

retained-return observability Gramian

Wc(T ) =

∫ T

0

SR(t)BRB
∗
RSR(t)

∗ dt, (34)

Wo,tr(T ) =

∫ T

0

SR(t)
∗C∗

RCRSR(t) dt. (35)

Using the finite-window reachability operator CT : UT →
Rc and the retained-return observation operator Otr,T,
define the transfer Hankel operator

Htr,T = Otr,TCT . (36)

Its singular values are the square roots of the nonzero
eigenvalues of Wc(T )Wo,tr(T ) in finite dimensions. They
quantify joint excitation and return, rather than hidden
amplitude alone [19, 21].

Definition 20 (Operational transfer-residue rank).
Given a registered normalization, time window T , and
tolerance ε, define

rtr(ε, T ) = #{j : σj(Htr,T) > ε}. (37)

The shorter notation rres is used only when the transfer
channel is unambiguous.

For the physical recovery observation operator Orec,T,
define the reachable round-trip recovery rank by

rrtrec(ε, T ) = #{j : σj(Hrec,T) > ε}. (38)

This rank concerns residue histories generated through
CT from input histories in UT ; it is distinct from initial-
residue recoverability in Eqs. (26)–(27).

The normalization clause is essential. State coordi-
nates can be rescaled, so the input, output, task metric,
and noise units must be fixed before ε is meaningful.

Proposition 1 (Minimal-realization invariance). For
finite-dimensional stable linear systems, the nonzero
Hankel singular values and the associated exact Hankel
rank are invariant under similarity transformations of a
minimal realization. Hence the exact operational residue
dimension is an input-output property, not a coordinate
count.

At finite tolerance, rtr(ε, T ) is deliberately task and
window relative. A residue mode can matter on a long
horizon but not on a short one. This makes the definition
suitable for finite systems: it asks how many unresolved
directions exceed the actual operational resolution rather
than how many formal coordinates exist.

Finite-window and infinite-horizon task-risk
certificates

The finite-window operational rank and the infinite-
horizon balanced-truncation spectrum are related but
distinct objects. P8 therefore records separate risk cer-
tificates.

Corollary 1 (Finite-window task-risk certificate). Let

H(r)
tr,T be a best rank-r approximation to the compact

finite-window transfer Hankel operator in operator norm.
Suppose the registered task loss is Ltask-Lipschitz in the
finite-window retained-output norm, the residue-mediated
input is u ∈ UT , and observation or decoder mismatch
contributes at most εobs. Then

∆RT
task ≤ Ltaskσr+1(Htr,T)∥u∥UT

+ εobs. (39)

If r = rtr(ε, T ), then

∆RT
task ≤ Ltaskε∥u∥UT

+ εobs. (40)

Proof. The compact-operator extension of the Eckart–

Young theorem [28, 29] gives ∥Htr,T − H(r)
tr,T∥op =

σr+1(Htr,T). Apply this input-output bound and then
the Lipschitz task-loss inequality.

The best finite-window low-rank Hankel approxima-
tion need not automatically possess a stable, causal,
finite-dimensional dynamic realization. For that stronger
realizability requirement, use the following infinite-
horizon certificate.

For a stable finite-dimensional minimal transfer chan-
nel, let K̂r be the order-r balanced truncation of the
strictly proper residue transfer and let σ∞

j be the cor-
responding infinite-horizon Hankel singular values.

Corollary 2 (Infinite-horizon balanced-truncation
task-risk certificate). Suppose the registered task loss is
Ltask-Lipschitz in the retained output norm, the residue
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FIG. 4. Operational residue rank in a five-mode stable channel. The Hankel singular values span more than five orders of
magnitude. At tolerances 10−1 and 10−2, only two residue modes are operationally significant even though five hidden modes
exist.

input is u ∈ L2, and observation or decoder mismatch
contributes at most εobs. Then

∆R∞
task ≤ 2Ltask∥u∥L2

∑
j>r

σ∞
j + εobs. (41)

Proof. The stable balanced-truncation error satisfies
∥K̂ − K̂r∥H∞ ≤ 2

∑
j>r σ

∞
j [20, 21]. Apply the induced

L2 output bound and then the Lipschitz task-loss in-
equality.

Equation (40) gives rtr(ε, T ) a direct finite-window de-
cision meaning. Equation (41) is an adjacent but dif-
ferent infinite-horizon certificate for a realizable stable
reduced model.

Finite Markov embeddings

A memory equation need not become Markovian by
forgetting. It can become Markovian by restoring a finite
number of state variables.

Theorem 3 (Finite realization of rational memory). For
a finite-dimensional linear time-invariant reduced equa-
tion, any strictly proper rational matrix memory kernel
admits a finite-dimensional exact state-space realization

ṙ = Gr +Bz, (42)

ż = Aeffz + Cr, (43)

whose elimination reproduces

K̂sp(s) = C(sI −G)−1B. (44)

A proper rational kernel has the form

K̂(s) = D + C(sI −G)−1B, (45)

where the feedthrough term D is absorbed into the in-
stantaneous retained generator, Aeff = A+D. The min-
imal auxiliary dimension of the strictly proper part is the
McMillan degree, equivalently the rank of the exact Han-
kel operator under the standard realization assumptions
[17, 18].

More general nonlinear or distributed-delay memory
may admit exact spectral embeddings in an abstract
extended space, without implying a finite-dimensional
rational realization [37]. A branch cut or a genuine
continuous spectral edge generally requires an infinite-
dimensional exact embedding, although a finite approx-
imation may be sufficient at a declared tolerance. Thus
Markov closure has at least three distinct mechanisms:

1. memory decays below tolerance;

2. a finite active residue state is restored;

3. a non-finite memory structure is approximated on a
restricted window.

The model in Fig. 5 uses a two-exponential kernel. The
exact two-mode augmentation reproduces the memory
equation. Removing one mode gives a maximum trajec-
tory error of approximately 7.3 × 10−2, while replacing
the full kernel by its zero-frequency local coefficient gives
a maximum error of approximately 4.7×10−1. The exam-
ple demonstrates why “short memory” and “finite state
augmentation” are different approximations.
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FIG. 5. Finite Markov embedding. A rational two-
exponential memory kernel is represented exactly by two aux-
iliary residue states. A one-mode augmentation is substan-
tially more accurate than a zero-frequency local closure for
this parameter set.

SPECTRAL CONDITIONS FOR MARKOV
CLOSURE

Kernel burden

Define the tail burden beyond a memory cutoff T by

BK(T ) =

∫ ∞

T

∥K(t)∥ dt. (46)

A finite tail is not by itself a complete Markov criterion,
but it is a natural sufficient control quantity for memory
truncation.

Theorem 4 (Exponential-stability closure bound). As-
sume the active residue semigroup satisfies

∥SR(t)∥ ≤ Me−ωt, M ≥ 1, ω > 0, (47)

and BR, CR are bounded. Then

∥K(t)∥ ≤ M∥CR∥∥BR∥e−ωt, (48)

and

BK(T ) ≤ M∥CR∥∥BR∥
ω

e−ωT . (49)

Proof. Apply submultiplicativity to Eq. (3) and integrate
the exponential tail.

Corollary 3 (Spectral-gap corollary). If GR is normal,
self-adjoint dissipative, reversible Markov, or belongs to
another registered class in which a spectral gap implies
Eq. (47), then the gap gives the closure bound. A negative
eigenvalue real part alone is not sufficient for a general
non-normal generator.
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exact K(T)
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FIG. 6. Exponential closure normal form. The exact tail
burden and the semigroup upper bound decay with the slow
active residue rate ω = 0.35. At T = 10, the exact burden is
approximately 6.9× 10−2.

Finite-horizon trajectory error

Consider the truncated-memory model

żT (t) = AzT (t) +

∫ t

max(0,t−T )

K(t− s)zT (s) ds+ η(t).

(50)
Assume ∥z(t)∥, ∥zT (t)∥ ≤ R on [0, Tf ] and K ∈ L1. A
direct Gronwall estimate gives

sup
0≤t≤Tf

∥z(t)− zT (t)∥ ≤ RTfBK(T )

× exp[(∥A∥+ ∥K∥L1)Tf ] .
(51)

This bound is conservative, but it converts an abstract
kernel tail into a finite prediction error.

Definition 21 (Operational Markov window). A cutoff
TM is an operational Markovianization time for a regis-
tered task if

BK(TM ) ≤ εK , Mk ≤ εM , ∆hist(k) ≤ εtask,
(52)

where Mk is a conditional-history closure error and ∆hist

is the best registered prediction or recovery advantage
from extra history.

The three inequalities are not definitionally equivalent.
The first is dynamical, the second statistical, and the
third task operational. P8 requires them to be reported
separately unless a bridge theorem is available. Memory
extraction from discrete data requires controlled sam-
pling resolution; Gaussian-process optimization can re-
cover memory signatures from coarse observations [36].
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MARGINAL MODES AND SPECTRAL-EDGE
OBSTRUCTIONS

Coupled marginal modes

A raw zero mode need not matter. The relevant quan-
tity is its transfer residue.

Theorem 5 (Coupled marginal-mode obstruction). Sup-
pose the active residue semigroup admits

SR(t) = P0 + Sd(t), ∥Sd(t)∥ → 0, (53)

where P0 projects onto a zero mode. If

CRP0BR ̸= 0, (54)

then

K(t) = CRP0BR + CRSd(t)BR, (55)

so K(t) does not decay to zero and BK(0) = ∞. If
CRP0BR = 0, the zero mode is silent relative to the regis-
tered retained channel and does not produce this obstruc-
tion.

The same logic applies to a coupled purely imaginary
mode: it produces undamped oscillatory memory rather
than a constant term. Nontrivial Jordan structure at the
spectral boundary can add polynomial factors.

Spectral edges

For a restricted positive spectral-measure class, write
a scalar or commuting positive kernel as

K(t) =

∫ ∞

0

e−γt dµK(γ). (56)

Theorem 6 (Spectral-edge tail). Assume dµK(γ) =
ρK(γ)dγ near γ = 0, with

ρK(γ) ∼ cγα, α > −1, (57)

and the registered regular-variation and Tauberian condi-
tions hold. Then

K(t) ∼ cΓ(α+ 1)t−(α+1). (58)

The tail burden is finite only if α > 0.

The theorem is not asserted for arbitrary matrix-
valued, sign-changing, non-normal, or time-dependent
kernels. In those cases cancellation and pseudospectral
effects can invalidate a direct density-to-tail inference
[25, 26].
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FIG. 7. Four closure classes. A gapped kernel decays rapidly;
a coupled zero mode leaves a nonzero plateau; a t−0.75 edge
has non-integrable tail burden; a t−1.5 edge is integrable but
remains long lived.
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FIG. 8. Regularized diffusive return kernels. The plot is an
interface to FDS-P9, not a dimensional derivation inside P8.
The long-time exponent is ds/2.

Diffusive return edge

A regularized local diffusion return kernel has the nor-
mal form

Kds(t) ∝ (1 + 4Dt)−ds/2. (59)

P8 uses this only as a spectral-edge example. The
dimension-selection claim is deferred to FDS-P9. Fig-
ure 8 shows the transition from non-integrable tails for
ds ≤ 2 to integrable tails for ds > 2 in this registered
normal form.
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FIG. 9. Non-normal transient amplification. Stable eigen-
values coexist with a large temporary semigroup gain and a
delayed transfer-kernel maximum. A raw spectral-gap argu-
ment would miss this closure hazard.

NON-NORMAL RESIDUE AND TRANSIENT
AMPLIFICATION

A stable eigenvalue spectrum does not guarantee
monotone memory decay. If GR is non-normal, ∥SR(t)∥
can grow transiently even when all eigenvalues lie strictly
in the left half-plane. The transfer channel can amplify
this growth further or cancel it.

Criterion 1 (Semigroup, not eigenvalues alone). A P8
closure claim based on a “spectral gap” must either es-
tablish an actual semigroup bound such as Eq. (47) or
restrict the generator to a class where the bound follows.
Eigenvalues alone are insufficient in a non-normal sys-
tem.

Useful diagnostics include the numerical abscissa, re-
solvent norm, Kreiss constant, and pseudospectrum [24].
The normal form in Fig. 9 uses

GR =

(
−1 18
0 −2

)
. (60)

Its eigenvalues are −1 and −2, yet the semigroup norm
reaches approximately 4.53 near t = 0.68. The associ-
ated transfer kernel first grows and then decays. This
produces a delayed memory burst without any unstable
eigenvalue.

OPERATIONAL RECOVERABILITY

Task-relative recovery

Let

V = f(X0) (61)

be a task-relevant past distinction. Let the decoder re-
ceive a finite accessible record

Eacc
T =

(
Z[0,T ], Y

E
[0,T ], R

side
T

)
, (62)

where the environmental readout, side record, latency,
and resource budget are registered. Define the optimal
recovery error

εrec(T ) = inf
D

E[d(V,D(Eacc
T ))] . (63)

For predictive closure, define the history advantage

∆hist(k) = L∗(Zt)− L∗(Zt−k:t), (64)

and the conditional closure error

Mk = I(Zt+1;Zt−k:t−1 | Zt). (65)

The important non-equivalence is

K(t) ̸= 0 ̸⇒ V is recoverable. (66)

A residue can affect future dynamics through a com-
pressed scalar while the original high-dimensional dis-
tinction remains unrecoverable. Conversely, an external
protected record can preserve V while exerting negligible
short-time force on Z.

Linear-Gaussian recoverability identity

Consider residue initial state r0 ∼ N (0,ΣR), stable
residue dynamics r(t) = eGRtr0, and continuous observa-
tion

dyt = Cobse
GRtr0 dt+R1/2

ν dWt. (67)

Define the finite-time observability Gramian

Wo(T ) =

∫ T

0

eG
∗
RtC∗

obsR
−1
ν Cobse

GRt dt. (68)

Proposition 2 (Finite-dimensional linear-Gaussian re-
coverability identity). For finite-dimensional Eq. (67),

I(r0; y[0,T ]) =
1

2
log det

[
I +Σ

1/2
R Wo(T )Σ

1/2
R

]
. (69)

Proof. The observation path is a Gaussian linear channel
from r0 to a Hilbert-space output with white Gaussian
noise. Whitening the noise and diagonalizing the finite-
dimensional signal operator gives the standard Gaussian
mutual-information determinant [27]. A finite-time dis-
cretization converges to Eq. (69).
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The result shows why recoverability cannot be inferred
from residue lifetime alone. A slowly decaying mode
that is nearly orthogonal to Cobs can remain dynamically
present but poorly decodable. In Fig. 10, the same two-
mode residue dynamics gives long-window mutual infor-
mation of approximately 1.11 nats when the slow mode is
visible, but only 0.46 nats when that slow mode is nearly
silent.

Transfer–recoverability bridge

The memory kernel uses the retained return channel
CR, while physical recovery may use a different observa-
tion channel Cobs. Identifying visible memory with re-
coverable inverse information therefore requires a regis-
tered relation between the two finite-window observation
maps.

Let

Htr,T = Otr,TCT , Hrec,T = Orec,TCT . (70)

Define the closed finite-window transfer-signal space

Ysig
tr,T := RanHtr,T ⊆ Ytr,T.

Theorem 7 (Transfer–recoverability singular-value
sandwich). Let

Htr,T : UT → Ytr,T

be compact. Suppose that there exists a bounded operator

JT : Ysig
tr,T −→ Yrec,T

such that

Hrec,T = JTHtr,T, (71)

and

mT ∥y∥ ≤ ∥JT y∥ ≤ MT ∥y∥, y ∈ Ysig
tr,T,

0 < mT ≤ MT < ∞.
(72)

Then, for every singular-value index j,

mTσj(Htr,T) ≤ σj(Hrec,T) ≤ MTσj(Htr,T). (73)

Consequently,

rtr(ε/mT , T ) ≤ rrtrec(ε, T ) ≤ rtr(ε/MT , T ). (74)

Proof. The upper inequality follows from ∥JT ∥ ≤ MT

and the singular-value ideal property. The lower in-
equality follows from the min–max characterization of
compact-operator singular values together with

∥JTHtr,Tu∥ ≥ mT ∥Htr,Tu∥

for every u ∈ UT . The rank inequalities follow by thresh-
olding Eq. (73).

The compact-operator inequality is standard. The
P8 contribution is the physical separation of the re-
tained return channel and the recovery channel, together
with the finite-boundary registration and task-relative
interpretation of JT ,mT ,MT . The theorem constrains
reachable round-trip recoverability Σrt

rec(T ) and the as-
sociated input-history significance in UT , not arbitrary
initial-residue recoverability Σinit

rec (T ). The corresponding
residue-state directions arise only through the reachabil-
ity image CTU rt

rec(T, ε).

Corollary 4 (Finite-dimensional latent Gaussian in-
formation sandwich). Let ξ ∼ N (0, Id) be a finite-
dimensional latent excitation and let ET : Rd → UT be
bounded. Define finite-dimensional whitened readout ma-
trices

Htr = PtrHtr,TET , Hrec = PrecHrec,TET , (75)

with readout maps chosen so that the same bounds
mT ,MT apply on the signal range. For

yrec = Hrecξ + ν, ν ∼ N (0, I), (76)

independent of ξ,

I(ξ; yrec) ≥
1

2

∑
j

log
[
1 +m2

Tσj(Htr)
2
]
,

I(ξ; yrec) ≤
1

2

∑
j

log
[
1 +M2

Tσj(Htr)
2
]
.

(77)

Remark 2 (Trace-class extension). For an infinite-
dimensional Gaussian excitation with trace-class covari-
ance Q, replace σj(H) by σj(HQ1/2). The information
formula uses a Fredholm determinant and requires the
resulting signal covariance to be trace class. No identity-
covariance Gaussian random element on an infinite-
dimensional path space is assumed.
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The lower constant mT is the crucial physical condi-
tion. If mT = 0, a dynamically significant transfer di-
rection can be invisible to the recovery apparatus. If
recovery uses an independent side record not factored
through the retained return output, Eq. (71) fails and no
transfer-to-recovery lower bound is claimed. Changing
the observation boundary can therefore change recover-
ability without changing the retained memory kernel.

FINITE-STATE PROJECTION AND
LUMPABILITY

Let Xt be a finite Markov chain with transition matrix
P , and let Zt = π(Xt) be a coarse partition. Strong
lumpability requires that for every pair of coarse cells
Cα, Cβ , ∑

j∈Cβ

Pij (78)

is independent of the choice of i ∈ Cα [15]. When this
condition holds, Zt is Markov for every initial distribu-
tion. When it fails, hidden within-cell state affects the
next coarse transition and generates history dependence.

Proposition 3 (Finite-state closure diagnostic). For a
stationary projected process, exact first-order Markov clo-
sure implies

I(Zt+1;Zt−1 | Zt) = 0. (79)

A positive value is therefore a direct witness of first-order
closure failure, although a zero value at one lag does not
by itself prove strong lumpability.

The four-state benchmark uses

P (δ) =


0.60 0.20− δ 0.15 + δ 0.05

0.20 + δ 0.60 0.05 0.15− δ
0.15 + δ 0.05 0.60 0.20− δ
0.05 0.15− δ 0.20 + δ 0.60

 , (80)

with 0 ≤ δ ≤ 0.14 and coarse partition

π(1) = π(2) = A, π(3) = π(4) = B. (81)

Its stationary distribution is

ϖδ =

(
1

4
+ δ,

1

4
− δ,

1

4
+ δ,

1

4
− δ

)
. (82)

The chain is strongly lumpable at δ = 0. Direct symbolic
expansion of its stationary three-time distribution gives

I(Zt+1;Zt−1 | Zt) =
225

32
δ4 − 310125

512
δ6 +O(δ8). (83)

The leading onset is fourth order rather than second
order because the symmetric perturbation cancels the
lower-order contributions. The absolute values are there-
fore small in the weakly perturbed regime, but they are
analytically controlled rather than numerical noise.
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FIG. 11. Finite hidden-state closure test. At δ = 0 the par-
tition is strongly lumpable. The linear-scale panel shows the
controlled departure from closure; the log–log panel verifies
the analytic small-δ onset I ∼ (225/32)δ4.

RESIDUE TRANSFER TAXONOMY

Table III organizes residue by visible transfer behavior
rather than by raw hidden-state labels.
The following categories are diagnostic and overlap-

ping rather than mutually exclusive or collectively ex-
haustive. They refer to different structural axes, includ-
ing asymptotic decay, transient amplification, coupling
visibility, analytic transfer structure, and physical pro-
tection. A single residue channel may therefore belong
to several categories simultaneously.
This taxonomy is not a claim that each row corre-

sponds to one universal physical phenomenon. It is a
classification of reduced dynamical behavior. The physi-
cal interpretation requires a carrier and domain bridge.

REPRODUCIBLE NORMAL-FORM MODELS

The accompanying script
FDS P8 residue spectral models.py generates all
figures and CSV files. The models are diagnostics of
theorem conditions, not microscopic claims.

Model A: active versus silent residue

The first model uses three residue rates (1, 0.15, 0),
with the zero mode assigned zero excitation and return
weight. The full and active-only kernels agree to ma-
chine precision, while the raw residue norm remains non-
decaying. This simultaneously tests Theorem 2 and the
type separation in Eq. (33).

Model B: stable, marginal, edge, and non-normal
sectors

The second family compares exponential decay, a cou-
pled zero mode, integrable and non-integrable power
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TABLE III. Diagnostic categories of residue transfer behavior.

Diagnostic category Kernel / realization signature Effective manifestation

Strongly stable rational
transfer

Finite sum of decaying exponentials Finite exact Markov augmentation

Fast stable transfer Short integrable kernel Local parameter renormalization

Slow stable transfer Finite colored memory Delay, friction, viscoelastic response

Coupled marginal pole Constant or undamped oscillatory
term

Closure obstruction, recurrence, echo

Low-frequency branch edge Algebraic tail Long memory, aging, anomalous transport

Protected isolated sector Persistent observable or recoverable
mode

Stable side-ledger or logical distinction

Non-normal transfer Transient gain despite stable eigen-
values

Bursts, delayed recovery, temporary clo-
sure failure

Unstable transfer Growing kernel or forcing Runaway residue and boundary failure

Silent internal sector No transfer contribution Operationally irrelevant to current closure

laws, and a stable non-normal generator. It demonstrates
that a closure classification must include coupling, tail
integrability, and transient gain.

Model C: operational residue rank

A five-mode stable channel has Hankel singular values

4.224, 0.159, 9.17×10−3, 5.32×10−4, 8.39×10−6. (84)

At both ε = 10−1 and 10−2, the operational residue rank
is two. The hidden dimension is five, but only two modes
exceed the round-trip tolerance.

Model D: recoverability, embedding, and finite-state
closure

The linear-Gaussian model tests Eq. (69); the rational-
kernel model tests finite augmentation; the hidden-state
model tests strong lumpability and conditional history
information. Together they separate three questions that
are often conflated:

1. Does residue affect future retained dynamics?

2. Can the residue be decoded as a past distinction?

3. Can a finite number of auxiliary variables make the
process Markovian?

REGISTRATION PROTOCOL

Protocol 1 (Required residue registration). Every phys-
ical application of P8 must specify:

1. the full modeled system and the retained observable
sector;

2. the projection P and residue complement Q;

3. the excitation operator BR and return operator CR;

4. the physical carrier of the claimed residue;

5. the observation channel used for recovery;

6. the task-relevant past distinction;

7. the decoder, latency, time window, and error toler-
ance;

8. the resource and accounting boundary;

9. the semigroup, transfer, or finite-state assumptions
used for closure;

10. the failure condition and the nearest alternative model.

Recommended diagnostics include kernel reconstruc-
tion, transfer-function estimation, Hankel singular val-
ues, conditional mutual information, history advan-
tage, observability Gramians, recurrence tests, and pseu-
dospectral gain. Memory-kernel reconstruction may use
regularized Prony or RKHS methods with rigorous error
bounds [35]; accurate extraction from discrete time series
requires controlled sampling resolution [36]. A strong in-
tervention changes one structural component while hold-
ing ordinary fit quality fixed: expand the retained state,
randomize a side record, break a protection condition,
vary bath size, or alter only the return coupling.

FAILURE AND DEMOTION REGISTRY

Criterion 2 (Formal failure). The exact identity is with-
drawn for a model if the declared generator, projection,
or domain assumptions fail.
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Criterion 3 (Projection–pruning failure). A mathemat-
ical unresolved variable must not be called a physical
residue if no physical carrier, coupling, record, or mea-
surable delayed effect is identified.

Criterion 4 (Active-residue failure). A mode is demoted
to silent residue if it cannot be excited from, or return to,
the registered retained sector.

Criterion 5 (Semigroup failure). The exponential clo-
sure theorem is inapplicable if only eigenvalue locations
are known and non-normal transient growth is uncon-
trolled.

Criterion 6 (Spectral-edge failure). A Tauberian tail
claim is demoted if the kernel lacks the registered positiv-
ity, regular variation, or no-cancellation conditions.

Criterion 7 (Recoverability failure). Visible memory
does not prove recovery of the original distinction. Re-
covery claims must be withdrawn if decoding fails under
the registered channel and resources.

Criterion 8 (Boundary failure). If an accessible side
record restores the distinction after the accounting bound-
ary is correctly enlarged, the case is externalization, not
forgetting.

Criterion 9 (Finite-realization failure). A proposed fi-
nite Markov augmentation is rejected if it does not re-
produce the registered transfer function or if its claimed
minimal order is not minimal.

Criterion 10 (Universality failure). Failure of a physi-
cal interpretation in one domain does not invalidate the
exact residue decomposition. It demotes only the corre-
sponding domain bridge.

DOWNSTREAM INTERFACES

FDS-T4: macroscopic law selection

P8 provides active residue, operational residue rank,
coupled marginal-mode obstruction, and finite Markov
embeddings. T4 asks which residue modes must be pro-
moted into explicit macroscopic state variables and under
what conditions short-memory residue yields local low-
order equations. P8 does not claim that every coupled
zero mode is a fundamental conservation law.

FDS-P9: dimensional selection

P8 provides diffusive return kernels and the integrabil-
ity threshold of a registered spectral edge. P9 must add
locality, unbiased propagation, geometric interpretation,
maintenance cost, and the bridge from spectral to macro-
scopic spatial dimension. P8 therefore does not claim to
derive three-dimensional space.

FDS-O4: macroscopic time arrows

P8 supplies side-record decay, operational recovery
loss, recurrence, and semigroup relaxation. O4 must
explain arrow alignment and distinguish local backflow
from recovery of a complete macroscopic history. P8 does
not solve the Past Hypothesis.

FDS-P10: friction, noise, and inertial
renormalization

The low-frequency expansion of K̂(iω) separates dissi-
pative and reactive response. P10 can use this to study
friction, colored noise, added mass, and effective iner-
tia. P8 does not derive fundamental inertial mass or the
equivalence principle.

FDS-H3 and G1

P8 supplies a disciplined language for long-lived screen
residue and memory channels. H3 must independently
derive the physical optical quotient, area/shear/twist re-
sponse, equal-compliance or free-compliance branches,
and Weyl/Ricci channel structure. P8 does not derive
the G1 3/4 coefficient.

DISCUSSION

What the unresolved dimension does not tell us

A large hidden state space can be operationally silent.
A single strongly coupled slow mode can dominate mem-
ory. Therefore model complexity should not be measured
by hidden dimension alone. Transfer rank, observation
geometry, and time window are more relevant to a finite
retained system.

Why the full coupled reduced-response data
improve residue reasoning

The transfer singularity structure registers nonanalytic
structures that survive excitation-return filtering, but it
does not by itself classify finite-window closure. A com-
plete audit also requires modal weights, finite-window
Hankel singular values, resolvent and pseudospectral
gain, cancellation, and initial-residue forcing. These full
coupled reduced-response data prevent three overclaims:

1. a hidden zero mode does not automatically imply
macroscopic conservation;

2. a long residue lifetime does not automatically imply
recoverability;
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3. a stable eigenvalue spectrum does not automatically
imply a safe Markov approximation.

Markov closure as state selection

An effective process can become Markovian because
residue decays, because coupling becomes negligible, be-
cause the observation task becomes insensitive, or be-
cause a finite auxiliary state is restored. These are phys-
ically different closures even when they produce similar
one-step likelihoods. P8 therefore treats Markovianity
as boundary, task, and state-selection relative, not as an
absolute property of a trajectory alone.

The FDS explanatory increment

The strongest FDS addition is not a new integral equa-
tion. It is an audit question applied to every reduction:

What distinction left the active record, where
is it physically carried, which part can re-
turn, which part can be decoded, and what
finite expansion would be required to absorb
its memory?

This question turns generic “unresolved variables” into a
registered physical program with local failure conditions.

CONCLUSION

Finite effective systems do not interact with all hidden
structure equally. Only residue that is both excitable and
return-active contributes to visible round-trip memory.
The correct central object is therefore

R = (GR, BR, CR), K̂(s) = CR(sI −GR)
−1BR.

(85)
The internal spectral set, transfer singularity structure,
initial-residue recoverability spectrum, reachable round-
trip recoverability spectrum, significant input-history
subspace, and physical residue-state images are differ-
ent mathematical objects and do not determine one an-
other without additional assumptions. Silent residue
can be quotiented out without changing retained dynam-
ics. Exponential semigroup stability supplies a controlled
finite-memory bound. Coupled marginal modes and low-
frequency spectral edges obstruct ordinary closure. Non-
normality can create transient memory bursts despite
stable eigenvalues. Operational recoverability depends
on a separate observation channel. Rational kernels per-
mit finite exact state augmentation, while finite-window
Hankel singular values define operational transfer and
reachable round-trip recovery ranks. Operational closure

is governed by the full coupled reduced-response data,
not by the transfer singularity set alone.
The compressed P8 thesis is

Projection determines what leaves the active record;

the coupled residue channel determines what can return.

(86)
P8 supplies a common spine for later FDS work on macro-
scopic variables, local laws, spatial dimension, time ar-
rows, inertia, and optical gravity. Those downstream
claims remain conditional on their own bridge assump-
tions and tests.

Notation Summary

Proof Details for the Exact Decomposition

Let x = z + r with z = Px and r = Qx. The lifted
equation ẋ = Lx gives

ż = Az + CRr, (87)

ṙ = BRz +GRr. (88)

Assuming GR generates SR(t), variation of constants
gives

r(t) = SR(t)r0 +

∫ t

0

SR(t− s)BRz(s)ds. (89)

Substitution proves Theorem 1. In a general Mori–
Zwanzig derivation, the orthogonal evolution may be
written with etQL on an appropriate invariant domain.
The variation-of-constants derivation of the GLE is justi-
fied when QL generates a strongly continuous semigroup;
the addendum to [30] further clarifies the relationship
between etQL and the subspace semigroup generated by
QLQ [31]. P8 uses the restricted residue generator only
when the Q-sector evolution is well defined. This assump-
tion must be checked rather than inferred from notation.

Proof Details for Active-Residue Reduction

For a finite observation window T > 0, define the
reachability operator

CT : UT = L2([0, T ],Z) −→ Rc,

CTu =

∫ T

0

SR(T − s)BRu(s) ds.

(90)

The corresponding transfer-observation operator is

Otr,T : Rc −→ Ytr,T , (91)
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TABLE IV. Core notation used in P8.

Symbol Meaning

B observable Banach or Hilbert space
L full lifted generator
P,Q retained and residue projections
Z,R retained and residue spaces
A retained instantaneous generator
GR internal residue generator
BR retained-to-residue excitation map
CR residue-to-retained return map
SR(t) residue semigroup

K(t), K̂(s) visible memory kernel and transfer function
Rquot

act canonical active residue quotient
Rmin complemented minimal representative, when it exists
Rsilent silent residue sector
Λint,Str internal spectral set and transfer singularity structure
Σinit

rec (T ),Σ
rt
rec(T ) initial-residue and reachable round-trip recoverability spectra

Rinit
rec (T, ε) physical initial-residue recoverable subspace

UT , CT retained input/history space and finite-window reachability operator
U rt
rec(T, ε) significant reachable round-trip input/history subspace

Rrt
rec(T, ε) corresponding reachable residue-state image

BK(T ) memory tail burden
Htr,T,Hrec,T finite-window transfer and recovery Hankel operators
rtr(ε, T ), r

rt
rec(ε, T ) finite-window transfer and reachable round-trip recovery ranks

Wc,Wo controllability and observability Gramians

with action

(Otr,T r)(t) = CRSR(t)r, 0 ≤ t ≤ T.

The finite-window transfer Hankel operator is

Htr,T = Otr,TCT . (92)

Any residue direction in KerOtr,T is output silent; any
direction outside the reachable closure is input silent.
The input-output memory factors through the quotient
of the reachable space by its intersection with KerOtr,T .
In finite dimensions this quotient admits the standard
controllable-observable minimal representative from the
Kalman decomposition [17]. In infinite dimensions, ex-
istence of a complemented invariant representative is an
additional assumption rather than an automatic conse-
quence.

Trajectory Error for Memory Truncation

Let e(t) = z(t) − zT (t), define aT (s) = max(0, s − T ),
and write κ(s, u) = ∥K(s−u)∥. Subtracting the full and
truncated equations gives

∥e(t)∥ ≤
∫ t

0

∥A∥∥e(s)∥ds (93)

+

∫ t

0

∫ s

aT (s)

κ(s, u)∥e(u)∥du ds (94)

+R

∫ t

0

∫ aT (s)

0

κ(s, u)du ds. (95)

The last term is bounded by RtBK(T ). Bounding the

retained-memory convolution by ∥K∥L1

∫ t

0
∥e(u)∥du and

applying Gronwall gives Eq. (51). Sharper bounds are
possible for contractive or positive systems; P8 uses
the conservative form because it makes the assumptions
transparent.

Marginal Modes and Tauberian Conditions

For Theorem 5, strong convergence Sd(t) → 0 implies

K(t) → CRP0BR. (96)

If the limit is nonzero, then ∥K(t)∥ is bounded below by
a positive constant for sufficiently large t, so its integral
diverges.
For Theorem 6, Karamata-type Laplace Tauberian re-

sults convert regular variation of the positive density near
zero into regular variation of the long-time kernel [25].
Positivity or a no-cancellation assumption is necessary.
Matrix-valued kernels should be tested through scalar
quadratic forms or an operator-valued extension with ex-
plicit positivity.

Linear-Gaussian Recovery Derivation

Whiten Eq. (67) by R
−1/2
ν . The resulting observation

is a Gaussian channel

y = AT r0 + w (97)
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in the path Hilbert space, where

(AT r)(t) = R−1/2
ν Cobse

GRtr. (98)

The signal Gramian is

A∗
TAT = Wo(T ). (99)

For Gaussian input covariance ΣR and unit white noise,
the mutual information is

1

2
log det(I +Σ

1/2
R A∗

TATΣ
1/2
R ), (100)

which gives Eq. (69). The same formula follows from
finite time discretization followed by convergence of
the Gramian. In an infinite-dimensional extension,
the determinant must be a Fredholm determinant and
Σ

1/2
R Wo(T )Σ

1/2
R must be trace class.

Transfer–Recoverability and Task-Risk Details

For Theorem 7, write Htr = Htr,T and Hrec = JTHtr.
Compactness supplies a discrete singular-value sequence.
The singular-value ideal inequality gives [29]

σj(Hrec) ≤ ∥JT ∥σj(Htr) ≤ MTσj(Htr). (101)

Because JT is bounded below by mT on the closed
transfer-signal space Ysig

tr,T, the same min–max argument
yields the lower singular-value bound. The Gaussian
corollary is deliberately finite-dimensional at the latent
and readout levels; whitening converts each signal singu-
lar direction into an independent scalar Gaussian chan-
nel, so mutual information is the sum of 1

2 log(1 + σ2
j ).

For Corollary 1, the Schmidt–Eckart–Young approx-
imation theorem [28, 29] supplies the optimal rank-r
finite-window operator error. This approximation need
not be dynamically realizable. Corollary 2 instead uses
the infinite-horizon balanced-truncation estimate for a
stable strictly proper transfer map and supplies a real-
izable reduced model. Neither task bound is invariant
under arbitrary unit changes; the input norm, output
metric, noise whitening, and Lipschitz constant must be
registered together.

Finite Markov Embedding Details

If

K(t) =

m∑
j=1

aje
−λjt, (102)

define auxiliary variables

rj(t) =

∫ t

0

e−λj(t−s)z(s)ds. (103)

Then

ṙj = −λjrj + z, (104)

and the memory term is
∑

j ajrj . This gives an exact m-
dimensional augmentation. General strictly proper ratio-
nal kernels follow from state-space realization theory. A
proper rational kernel contains an additional feedthrough
term D, which is absorbed into the instantaneous re-
tained generator. Repeated poles require Jordan blocks;
complex conjugate poles can be represented by real two-
dimensional blocks.

Model Reproducibility

The script FDS P8 residue spectral models.py re-
produces all figures, CSV data, and numerical diag-
nostics reported in this paper. The calculations are
deterministic and require NumPy, SciPy, pandas, and
Matplotlib. Tested package versions are recorded in
requirements.txt.
The minimal release archive contains the script,

requirements.txt, and a short README.md specifying
the execution command and expected outputs. Gener-
ated figures and data files are not distributed separately
because they are recreated directly by the script.
Run command:

python FDS P8 residue spectral models.py

--outdir .

The normal-form models are diagnostics of the stated
theorem conditions and are not presented as universal
parameter estimates. The code and environment specifi-
cation are archived with the published manuscript under
the release DOI.

AI Assistance Disclosure

Drafting, organization, code scaffolding, symbolic
checking, and model-generation assistance were prepared
with AI tools under the author’s direction. The theoreti-
cal claims, proof obligations, scope boundaries, and final
responsibility remain with the author.
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